Robust alternatives to ANCOVA for
estimating the treatment effect via a
randomized comparative study

Abstract

In comparing two treatments via a randomized clinical trial, the analysis of covari-
ance technique is often utilized to estimate an overall treatment effect. The ANCOVA
is generally perceived as a more efficient procedure than its simple two sample es-
timation counterpart. Unfortunately when the ANCOVA model is nonlinear, the
resulting estimator is generally not consistent. Recently, various nonparametric al-
ternatives to the ANCOVA, such as the augmentation methods, have been proposed
to estimate the treatment effect by adjusting the covariates. However, the properties
of these alternatives have not been studied in the presence of treatment allocation
imbalance. In this paper, we take a different approach to explore how to improve the
precision of the naive two-sample estimate even when the observed distributions of
baseline covariates between two groups are dissimilar. Specifically, we derive a bias-
adjusted estimation procedure constructed from a conditional inference principle via
relevant ancillary statistics from the observed covariates. This estimator is shown
to be asymptotically equivalent to an augmentation estimator under the uncondi-
tional setting. We utilize the data from a clinical trial for evaluating a combination
treatment of cardiovascular diseases to illustrate our findings.

Keywords: Ancillary statistic; Augmentation estimation procedure; Conditional inference;
Stratified analysis



1 Introduction

In comparing two treatment groups, let # be the parameter of interest for quantifying the
between-group difference with respect to the study endpoint. For example, let Y be the
outcome variable, Z be the binary treatment indicator, uo = E(Y|Z = 0),u; = E(Y|Z =
1), and 6 = py — po. Let 0 be the corresponding two-sample estimator based on the data
from a randomized clinical trial with the proportions of the patients assigned to Groups 1
and 0 being m and 1 — 7, respectively. If Y is a binary outcome, # may be the risk ratio or
odds ratio (OR). In general, with a large sample size, the distribution of g is approximately
normal with mean 6. Inferences about # can be made accordingly.

When the patient’s potentially predictive baseline covariate vector X is available, we
routinely utilize an analysis of covariance (ANCOVA) procedure to estimate 6. A typical
ANCOVA model is a multicovariate regression model relating the outcome to the treatment
assignment indicator Z and covariate vector X. The estimated regression coefficient of Z
or a transformation thereof is interpreted as an estimator of . Unfortunately when the
ANCOVA model is nonlinear (e.g., a logistic or proportional hazard model), the resulting
estimator of the treatment effect is generally not consistent for 6 of our interest (Gail et al.,
1984; Struthers and Kalbfleisch, 1986; Lin and Wei, 1989). For example, the treatment
effect for binary outcome is often measured by log OR

6 —1 [pr(Y =1|Z=1pr(Y =0|Z = O)}
B pr(Y =0/Z=1)pr(Y =1|Z2=0) |

(1)

The multivariable logistic regression model assumes that the conditional log OR for given

covariates X,

1 pr(Y =1|Z =1, X)pr(Y =0|Z = 0,X)
pr(Y =0|Z=1,X)pr(Y =1|Z2=0,X) |’

is a constant independent of X. This quantity is the regression coefficient of Z in the model

but, in general, is different from 6 in (1). Therefore, it is inappropriate to use the regression
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coefficient of Z to estimate #. However, ANCOVA may still be useful for two reasons: first,
as a testing procedure for the presence of treatment effect, ANCOVA is generally valid
without requiring the correct model specification and often more powerful than its simple
two sample counterpart; second, when correctly specified, a version of ANCOVA can be
used to estimate # indirectly. Specifically, the potential outcomes of each individual is
linked with his/her baseline covariates via appropriate regression model in both arms and
the finite sample contrast of “predicted” outcomes measuring the treatment effect can be
constructed accordingly. For example, noting that log OR equals to

1 {E{pr(Y =11Z=1,X)}E{pr(Y =0|Z = O,X)}}
E{pr(Y =0/Z =1, X)}E{pr(Y =1|Z =0,X)}

one may estimate 6 by

éANCOVA = log

E{pr(Y =1|Z = 1,X)}E{pr(Y = 0|Z = 0,X)}
E{pr(Y =0|Z =1, X)}E{pr(Y = 1|Z = 0,X)}
where

exp{y( Bo+ 427 + Bxx)} d
1+ exp(Bo + 422 + BEx)

B{pr(Y = 412.X)} = / (),

ﬁx() is the empirical cumulative distribution function of observed covariates and Sy, 9z,
and ,é)T( are the estimators of the intercept, coefficient of the treatment indicator and
coefficient of X in the logistic regression model, respectively.

Since ANCOVA model is likely misspecified in practice, it is desirable to develop robust,
nonparametric covariate-adjusted estimation procedures for 6, which are well summarized
in a recent paper by Rosenblum and van der Laan (2010). For instance, an argumenta-
tion estimation procedure with covariate adjustment provides a consistent estimator for ¢
(Robins et al., 1994; Robins, 1999; Leon et al., 2003; Bang and Robins, 2005; Tsiatis, 2006;
Van Der Laan and Rubin, 2006; Tsiatis et al., 2008; Lu and Tsiatis, 2008; Zhang et al.,



2008; Gilbert et al., 2009; Zhang and Gilbert, 2010; Tian et al., 2012). Such an estimator,
say, éaug, is asymptotically equivalent to a linear combination of 6 and ﬁx = X; — X,,
where X, is the sample mean of the covariate vectors or a transformation thereof for
treatment k, k = 0,1. (See Appendix A for details). The distribution of éaug is also ap-
proximately normal with mean #. The standard error estimate for éaug can be substantially
smaller than that based on 6 when the augmented covariates are highly correlated with
the response endpoint. Unlike the ANCOVA, the augmentation method is a model-free
technique. Note that the stochastic properties of the above estimators were studied only
under an unconditional setting in the literature, that is, with the study size n, their sample
space is generated by all possible realizations of a random sample consisting of n indepen-
dent, identically distributed copies of (Y, Z, XT)T. Under this unconditional setting,  is
asymptotically unbiased.

Another important goal of utilizing the covariate-adjustment technique for estimating
the treatment difference is to reduce bias of 8 when, by chance, the observed distributions of
the covariate vectors are dissimilar between two groups. Intuitively, 0 can be severely biased
for this case. As discussed above, however, 0 is asymptotically unbiased unconditionally.
Therefore, the bias of 6 needs to be discussed in a conditional sense. Note that the study
subjects’ covariates and their functions are ancillary statistics, that is, they are not directly

” inference

related to the treatment difference . One may consider to make more “relevan
about 0 by conditioning on summary ancillary statistics. Such a conditional approach helps
us to study the stochastic behavior of @ with realizations of (Y, Z, XT)T whose ancillary
statistics would be similar to their observed counterparts (Cox, 1958; Cox and Hinkley,
1979; Fraser and McDunnough, 1980; Berger et al., 1988; Casella, 1992; Fraser et al., 2004;

Ghosh et al., 2010). Unbiased estimator conditional on all observed individual covariates,

which incorporate all aspects of covariate imbalance, can be constructed by regression



modelling. The aforementioned estimator 0 ANcov A 1s one such example. Unfortunately,
it is a parametric approach in nature and prone to model misspecification. For a non-
parametric procedure, it is infeasible to make inference conditional on such a fine level. In
this paper, we consider a coarser procedures only conditional on certain ancillary statistics,
which quantify the imbalance between two treatment groups with respect to covariates. The
choice of the conditioning ancillary statistic is not unique (Basu, 1959; Cox, 1971; Ghosh
et al., 2010). For the present case, instead of conditioning on the entire set of observed
covariates, a relevant ancillary statistic for studying the stochastic behavior of estimators
for  would be the aforementioned ﬁx, which is a natural, and commonly used summary
measure of covariate-imbalance in clinical studies (Pocock et al., 2002). This statistic is
also routinely used for evaluating covariate imbalance after matching, for example, via the
propensity score method (Resa and Zubizarreta, 2016). With this ancillary statistic, the
sample space considered consists of all realizations of a random sample consisting of n
independent copies of (Y, Z, XT)T, whose imbalance measured by the two-sample covariate
mean difference is identical to the observed counterpart. Figure 1 is a schematic plot of

aforementioned sample spaces from the biggest to the smallest:
1. all realizations of n copies of (Y, Z,X™)1T;
2. all realizations of n copies of (Y, Z,XT)T with the same Ax as observed;

3. all realizations of n copies of (Y, Z, XT)T with the same observed individual covariates

in two groups.

The naive estimator is asymptotically unbiased only in the largest sample space. When
correctly specified, O Ancov A is asymptotically unbiased in all three, including the smallest

sample space. Our bias-correction proposal operates in the intermediate sample space.



In this paper, we show that based on this conditional inference principle, a bias-adjusted
estimator éadj reduces the bias of §. We also show that unconditionally, éadj is asymptoti-
cally equivalent to éaug and can be viewed as an efficiency augmented estimator itself. We
used the data from a comparative clinical trial to evaluate treatments for cardiovascular
diseases to illustrate our findings. Furthermore, a numerical study is conducted to exam-
ine the performance of éadj. We find via this study that if the covariates of the ancillary
statistics are highly correlated with the outcome variable and/or the treatment allocation

proportions, éadj can be substantially better than two sample estimator 6.

2 The distributions of 6 conditioning on KX and a
bias-adjusted estimator éadj

Let 0 = g(po, i11), where g is a smooth function characterizing the contrast between gy
and pq. Then 6 = g(fig, f11) is the two sample naive estimator for 6, where fio and fi;
are the simple naive estimators for p and g, respectively. Under the random treatment
assignments for designing the study, 6 — 0 and ﬁx are approximately normal with mean 0

and covariance matrix

where

3 (10, pur )var (i) + G5 (po, pa ) var (i),

L
2

Qz(ﬂo; Ml)COV(/:LLXl) - Ql(/io, M1)C0V(ﬂ0,xo), and

e
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Yoo & Var()_(o)+var()_(1),



are the estimated variance of § — 0, the estimated covariance matrix between ﬁx and 6 — 0
and the estimated covariance matrix of ﬁx, respectively. Here ¢; and ¢, are the partial
derivatives of g with respect to the first and second argument, respectively. Now, let d,,
be the observed value of ﬁx. Then for large n, the distribution of 6—0 given ﬁx =d, is
approximately normal with mean 21222_21dn, and variance 211 — 21222_21221.

The following theorem summarizes this large sample approximation under mild assump-

tions.

Theorem. Let (Y;, Z;, X)), i =1,...,n, be the independent identically distributed (i.i.d.)
copies of (Y, Z, X" and 7 = pr(Z = 1). Assume that cov{(Y,X")'} is a finite, non-
degenerate matriz; the characteristic function of X is integrable; and 0 is a reqular estimator
for 8, that 1s, \/ﬁ(é — 0) is asymptotically equivalent to a sum of i.i.d. random quantities.
Then

~

\/ﬁ(e - 9)‘(AX = dn)
converges weakly to a Gaussian distribution with mean 212252150 and variance Y11 —

2122;21221, where 8y = lim, o /nd,, and Y11, Y12, and e are the population coun-

terparts of EA]H, 212, and f]gg, respectively.

Note that the assumptions under which the Theorem holds are rather mild. For in-
stance, the second assumption holds if the component of covariates X is either discrete or
continuous with a squared integrable density function. The proof of the theorem is given
in the Appendix B. It follows from the Theorem that, when d is not zero, f is not N4

consistent under this conditional argument. A bias-adjusted estimator for 6 is
Oogj = 0 — 212355 d,,.
To illustrate how the inference procedure based on éadj behaves asymptotically under

various scenarios, let us consider a simple case of 6 = p; — pp with a single covariate X.
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Here, the bias is
cov(Y, X|Z =1)(1 —m) N cov(Y, X|Z = 0)m
var(X) var(X)

If the correlation between the covariate and response is weak, the bias can be negligible.

dp.

On the other hand, if a covariate is strongly associated with the response in at least one
arm, then the bias would not be trivial. Furthermore, if d,, is small, then éadj is almost
identical to §. On the other hand, if the distributions of Xy and X; do not overlap much,
d, can be quite large, and éadj may be fairly different from 6. In general, if the observed
distributions of Xy and X; are similar and 212 is small, éadj and # would have similar
variances. The term 31535, %, represents the reduction from var() to var(fag).

As a general example to illustrate how to construct éadj, suppose that 6 is the log-

transformed OR, i.e., g(uo, pt1) = log {%} , then
A ﬂ1(1—ﬂ0)} & &o1R
0, -:log{f — S A,
! fio(1 = fin) e
SN D SRR
i (=) nofio no(l— i)
Sy = 121 + 120 and

”1ﬂ1<1 - ﬂl) noﬂo(l - ﬂO)’
Sy = 221 4 220
nq No

Y

where ny, f]lgk and f]ggk are the sample size, empirical covariance between Y and X and
the variance-covariance matrix of X in the kth group, k£ = 0, 1, respectively.

Note that éadj is equivalent or asymptotically equivalent to augmentation estimators
(Tsiatis et al., 2008; Tian et al., 2012). The justification of this unconditional equivalence
is given in Appendix A. Note that in this paper, the dimension of the covariate vector is
small relative to the sample size. It is interesting to explore how to deal with the case with

a high-dimensional covariate vector for future research.
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Remark 1. For the continuous outcome, the treatment effect can be assessed by the
mean difference between two groups. For the survival outcome, the treatment effect can be
measured by the difference in restricted mean survival time (RMST) (Zhao et al., 2016).
In both cases, the naive estimator for the treatment effect can be easily constructed. The
construction of the bias adjusted estimator follows the same procedure as that used for the
log OR with minor modifications on the relevant variance and covariance estimations. We

illustrate the bias adjustment as well as relevant statistical inference procedure in Appendix

C.

3 Example

In this section, we used the data from a cardiovascular trial: “Valsartan in acute myocardial
infarction” (VALIANT) study (Pfeffer et al., 2003) to illustrate our findings. The study
patients were equally randomized to three groups: ARB valsartan, captopril and a com-
bination of these two drugs. Here, we consider a binary outcome as the endpoint, which
indicates whether the patient had hospitalization/death by Month 18. Since the 18-month
incidence rates of hospitalization/death from two mono-therapies are almost identical, we
combined the data from these two mono-therapy groups to evaluate the effect of combo-
therapy. Note that pooling two groups is not a common practice and for illustrative purpose
only. The study enrolled a total of 14,703 patients. The observed event rates for mono-
and combo are 0.58 and 0.57, indicating that there was no benefit from the combo with
respect to this outcome. On the other hand, with the data from 302 patients in Australia,
the mono-therapy somehow appears to be statistically significantly better than its combo
counterpart based on the simple two sample estimate (the observed event rates for combo

and mono are 0.80 and 0.67, respectively). Now, let 6 be the log OR, and 0 be its naive



~

estimate. The point estimate of OR (combo vs. mono), i.e., exp(f) and 0.95 confidence
interval are 1.99 and (1.12, 3.51), respectively. Among 24 countries participated in the
VALIANT study, Australia was the only one whose patients appear to have better out-
comes for the mono-therapy. It is not clear whether Australian patients were quite different
from those from the rest of world to have such a discrepancy on the treatment effect. On
the other hand, since the sizable treatment by country interaction is rare in practice, the
statistically significant OR for Australian patients may be a false discovery.

To explore this further for Australia patients, we found that there was treatment al-
location imbalance between these two treatment groups with respect to, for example, the
patients binary pre-existing diabetes status (DIAS) and baseline heart rate (HR), which
is a potential source of the bias of the naive estimator. In Figure 2, we show the fitted
curves stratified by DIAS via two logistic regression models with the treatment assignment
being the outcome and standardized HR, HR? and HR? as the independent variables. If
the randomization treatment allocation scheme were working for Australia patients, these
two curves would be flat around 2/3. Figure 2 indicates that there was indeed non-trivial
treatment allocation imbalance between the mono and combo groups. Now, let éadj be
the biased-adjusted estimate for the log OR. The corresponding bias-adjusted estimator of
OR,i.e., exp(éadj) and the 0.95 confidence interval conditional on the observed imbalance in
DIAS, HR, HR? and HR3 are 1.68 and (0.95, 2.94), respectively. Here, the point estimator
is closer to 1 and the confidence interval contains the null value. In view of the data from
other countries, the adjustment towards the null is likely in the right direction. Note that
one of the reasons we considered the HR variable to the third order for the conditioning in-
ference is that most distributions can be characterized with their first three moments. This
conditioning setting would be approximately the same as that with the entire distribution

of HR.
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4 Simulation Study

We further explore the finite sample properties of the proposed estimator via simulation
studies. Mimicking the VALIANT study, we first generate the binary diabetes status and
standardized heart rate, (DIAS, HR), for 300 patients via the following distributions

pr(DIAS = 1) = 0.22,

HR | DIAS = 1 ~ N(0.042,1.4), and HR | DIAS = 0 ~ N(—0.045,1.1),

which are estimated using the observed Australia data. We then randomly assign 300
simulated patients into two groups with 200 patients in the mono-therapy group and 100
patients in the combo-therapy group. The four-dimensional covariate vector of interest is
X = (DIAS, HR, HR?, HR?*)T. To examine the finite sample performance of the proposed
method, we need to perform the conditional inference only among samples with a given
imbalance in covariates. To this end, we examine EX = X; — X, the mean difference in
covariates between two groups, in each of the simulated datasets and only keep those with
approximately the “same” covariates imbalance as that observed in Australian patients.
Specifically, we require that the observed Ax € [0.155,0.165] x [—0.06, —0.04] x [0.26, 0.30] X
[—0.33,—0.21]. The center and width of these intervals are the corresponding component
of observed Ax in Australian patients and 20% of the (unconditional) standard deviation
thereof, respectively. After obtaining 5,000 such datasets, we generate the binary outcome

via the logistic regression model
pr(Y =1|X,Z) = h{Bo + nZ + m(X)}
where

m(X) = k{B1(DIAS — up) + B2(HR — j11) 4 Bs(HR? — p12) + B4(HR® — pis)},
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h(-) = expit(-), (Bo, B, Ba, B3, Ba)T = (0.69,0.78, —0.25,0.33, —0.02)T is the maximum like-
lihood estimator (MLE) of the regression coefficient based on Australia data, pp and g,
are expectation of DIAS and HR’, respectively, and x = 0,2 or 4 is the tuning parameter
to control the size of the covariate effect. For each simulated dataset, we obtain the naive
and bias adjusted estimators for § = log(OR). In the first setting, we let o = 0, i.e, the
distribution of Y doesn’t dependent Z and there is no treatment effect. In the second
setting, we let 79 = 1, representing a higher incidence rate in group Z = 1 . In this case,

the true value of 6 can be obtained by computing

E{h(yo + &)} E{1 — (&)}

E{1 = h(yo+&IE{RE)}]

where the expectation is with respect to £ = 5y + m(X). Based on 5,000 such simulated

log

datasets with approximately the same covariates imbalance, we obtain the empirical biases
of estimators with and without adjusting covariates imbalance and the empirical coverage
level of the corresponding 95% confidence intervals. The results are summarized in Table
1. When the covariates effect is strong (k = 4), the naive estimator has a nontrivial bias,
especially relative to its standard error. The estimated variance of the naive estimator
overestimates the conditional variability and yields wide confidence intervals. Even with
this upward bias in variance estimation, the 95% confidence interval based on the naive
estimator fails to cover the truth at the nominal level, since the interval is centered at a
biased location. On the other hand, the estimated variance of the adjusted estimator ap-
proximates the underlying conditional variance and the empirical coverage level of the 95%
confidence interval is fairly close to its nominal level. When there is no covariates effect
(k = 0), two estimators have a comparable performance as anticipated. If we consider un-
conditional distribution of these two estimators, we don’t need to restrict to the generated
data with the given covariate imbalance and the bias-adjusted estimator becomes a version

of efficiency augmented estimator in the literature. In such a case, one may expect that
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both estimators are asymptotically unbiased but the variance of the bias-adjusted estima-
tor is smaller than that of the naive estimator. The results based on 5,000 simulations are
summarized in Table 2, which confirms the efficiency improvement reported in the litera-
ture. We have also compared the “bias-adjusted” estimator with the efficiency augmented
counterpart proposed by Tsiatis et al. (2008) and Zhang et al. (2008) unconditionally and
obtained almost identical results as shown in Figure 3, which is consistent with their asymp-
totic equivalence. In Figure 4, we have plotted the density functions of the naive estimator
(both unconditional and conditional on the covariates imbalance, k = 4) to highlight the
fact that the distribution of an estimator can be substantially altered by conditioning on
an ancillary statistics. In the same figure, we have also plotted the density functions of
the bias adjusted estimator for comparison purpose. It is clear that the biased-adjusted
estimator is unbiased both conditionally and unconditionally.

We have repeated the simulation for continuous as well as survival outcomes. In the

former case, the outcome Y; is generated via
Y = o —%Z +m(X) + N(0,07),

where m(X) = #{ 81 (DIAS—pup )+ B2 (HR—pi1)+ B3 (HR® — 1)+ 64 (HR® — 1) }, (B0, B1, B2, B3, Ba) ™ =
(2.23,—-0.45, —0.01, —0.38,0.05)T and oy = 2.04 are MLEs of the log-normal regression
model based on Australia data. For the latter case, the survival time is the exponential of

the generated continuous outcome. The censoring time is generated uniformly between 18

and 39 months, corresponding to the minimal and maximal censoring time in the VALIANT

data, respectively. For the survival outcome, the parameter of interest is the difference in
RMST

0 = E{min(Y,7)|Z =1} — E{min(Y, 7)|Z = 0},

where 7 = 33 months is the maximum observed survival time in the Australia data. The
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results for the continuous endpoints are presented in Tables 3 and 4 for the conditional and
unconditional distributions, respectively. Likewise, the results for the survival endpoints

are presented in Tables 5 and 6. The results are similar to those for binary outcomes.

5 Discussion

For the conventional causal inference procedures, e.g., the propensity score (PS) method,
we assume that the underlying population distributions of the covariate vectors between
two groups are expected to be different. Then unconditionally, the naive two sample esti-
mator is not consistent. The PS method tries to reduce this systematic bias. Under our
setting, the underlying distributions of the covariate vectors between two groups are the
same due to treatment allocation randomization, but the corresponding observed distribu-
tions may be different by chance. For this situation, the parametric ANCOVA is a standard
practice for obtaining an estimator for the treatment effect to reduce bias. Note that the
ANCOVA is a conditional inference procedure (that is, conditional on all the individual
patients’ covariates). However, if a nonlinear ANCOVA model is not correctly specified, it
is not clear how to interpret the resulting treatment effect estimate. Our nonparametric
approach cannot consider this fine level of conditioning. We derived the new procedure by
taking advantage of study randomization and using a conditional inference argument based
on an ancillary summary statistic reflecting the observed covariate imbalance. As far as we
know, there are no such methods similar to our proposal in the literature. On the other
hand, it is a pleasant surprise that this conditional procedure turns out to be asymptoti-
cally equivalent to a class of augmentation methods unconditionally. This connection may
enhance the usage of the augmentation procedures in practice. Now, we may claim that

the new estimator improves the asymptotic efficiency unconditionally and is “unbiased”
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conditional on observed covariates imbalance at the same time.

Like ANCOVA or efficiency augmentation methods, the choice of covariates in our
conditional procedure can be crucial. The bias adjusted estimators conditional on different
covariates imbalances are all valid but have different interpretations. Thus, we suggest
identifying those covariates before implementing the conditional analysis. Empirically, one
may first include variables, which show imbalances via the standard two-sample test. Since
the bias reduction can be substantial if the covariates of concern are highly correlated with
the outcome, we suggest to additionally include covariates empirically associated with the
outcome based on univariate analysis. The number of covariates in the bias adjustment
procedure may be determined a priori based on the sample size to avoid over adjustment.
In practice, one may examine the conditional number of the matrix 5122, which would be
near-singular if over adjusted. Note that theoretically, the procedures proposed by Zhu
et al. (2011) and Tian et al. (2012), which have built-in variable selection algorithms, are
only valid under the unconditional setting. For the unconditional case, the two sample
naive and any augmented estimators are consistent, therefore, the choice of augmentation
terms is solely driven by their variance. On the other hand, when we deal with the current
(conditional) case, the naive estimator may not be consistent. It is not clear how to
generalize these variable selection methods to the conditional setting. Further research
along this line is needed.

The generalization to more general observational studies is possible by considering the
new ancillary statistics

1 < Z 1 - (1-2)
Ny Lx-—y ——2x,
where 7(X;) is the correct PS. However, such an extension requires the knowledge of the

PS, which is a difficult task by itself. Furthermore, the bias associated with the ancillary
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statistics is merely the “residual bias” after the PS adjustment, which removes the system-
atic bias between two groups. Thus it is less important than, for example, developing a
good PS model at the first place. If we can correctly specify the conditional distribution of
outcome given covariates in both groups, the model-based ANCOVA method can be used
to construct an unbiased estimator even for data from an observational study. However,
such a model-based method may be rather sensitive to model mis-specification. Covariate
matching, such as the one based on PS, is also a common approach to recover the balance
in baseline covariates, and Ax is often used to quantify imbalance after matching (Stuart,
2010). This further justifies the usage of this type of ancillary statistic in our conditional
inference.

Stratified analysis can be regarded as a special case of the covariate-adjusted procedure.
On the other hand, due to its discrete nature of possible values of the covariates, using the
present conditioning approach, one may consider the ancillary statistics consisting of the
entire observed covariate vectors for stratified analysis. For the general case when some of
the covariates are continuous, however, such a fine level of conditioning would be difficult,

if not impossible to implement.
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A A

Appendix A. Equivalence between 0,,, and 8,4

Let (Y;, Z;, X i =1,...,n, be the independent identically distributed (i.i.d.) copies of
(Y, Z, XT)T. The efficiency-augmented estimator for 8 = g(ug, pt1) studied by Tsiatis et al.
(2008) and Zhang et al. (2008) is given by

~

eaug = g(,u(Tb /LD?

where

n

pl =i =Y (1 =m) {n'ax(X:)Z — ng'an(Xi)(1 - Zy) }

i=1

no
o= fio = Y _m{ng'ao(X:)(1 - Z;) — ny'ao(Xi) Zi}
=1

Here ny is the sample size for the kth group, a(x) = dx +B,;Fx and &y and ﬁk are the least
squares estimators of a; and @y, in regression model E(Y; | X;, Z; = k) = oy, + B X, k =
0,1, respectively. Using the fact that >, I(Z; = k)(du + Bng) = [ix, we have

pi = min+ (1= 7) (61 + B Xo) and g = (1 — )10 + 7(do + B Xy).
Since dy = fix — BF Xi and (ji, — p)? + (puf — p1)? = 0a.5.(n7112),
Oaug = 0 = —(1 = m)galjio, ) { in = (@1 + BYXo) } = i (fos ) { o — (G0 + By K1) } + 00 (n72)
. T
=— {(1 — m)g2(fio, fi1)B1 — wg1(flo, /11)50} Ax + 04 (n1/?).

Now, Bj, = 355 3L, Tt follows that

g = 0 — {<1 — m)da(fio, fin) 121 X9y — w6 (fio, ﬂ1)212025210} Ax + 04.5.(n71/?),
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where Ygg;, is the empirical estimate for var(X|Z = k) and S is the empirical estimate

for cov(Y,X|Z = k), k = 0,1. Note that in constructing the bias-adjusted estimator,

S —
2=n s 1—m

S { 221 n 220 } .
T 1—m

This, coupled with the fact that So1 — Sgop = 0q4.5.(1), implies that

_1{92(M0,M1) 121_91(/!0,,&1) 120} and

{(1 — 7)g2(flo, /11)212125211 — md1(fuo, /11)212025210} - 2122521 = 04.5.(1),
and
éaug - éadj = Oa.s.(ﬁx + n_1/2>‘

Therefore
pr {n1/2|éaug - éadj| Z 6|£X} = Oa.s.<1)

as n — oo for any positive 9.

Appendix B. Proof of Theorem
In Appendix B, we will drive the limiting distribution of
nl/Z(é o 9)7

given ﬁx under the following three conditions that

(A1) cov{(Y,XT)T} is a finite, non-degenerate matrix;
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(A2) the characteristic function of X is integrable;

(A3) 6 is a regular estimator for 0, i.e.,

0—0=n""> U+&,
i=1

where

Zi(Yi — ) (1—2Z)(Yi — po) .

—1.---
(1_7T) 77/ ? 7n7

Ui = g2(tt0, 1) + 1(po, 1)

are i.i.d. random variables, 7 = pr(Z = 1) = 1/(M + 1), and & = 04.,.(n"1/?).
Under Condition (A3),

6—0 - Ui &o

=nt Z + ; (2)

Ax — Ax =\ Vv, éx

where V; = 771 Z(X; — 1) + (1 — 7)1 — Z)(X; — 7), 7 = BE(X) and €x = 0,5 (n"/?).
Let U, = n~ V23" U and V, = n~ V23" V,. Then (U,, VI)T converges weakly to

(U, V"', a Gaussian vector with mean 0 and a finite covariate matrix nY, where

v Y Yo
Yo Yoo
Here
L var(Y(Z =1 . var(Y|Z = 0)
. cov(Y,X|Z =1 1. cov(Y, X|Z =0
Yo = 1 1o, 1) ( W' ) Lg2 (10, 1) ( 0 _|7T ). and
_, var(X)
b)) L
> " (1l —m)
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Now, let {v,, € A,} be a sequence of vectors such that v,, — vy, a constant vector, as
n — 0o, where A, is the support of V,. It follows from Steck (1957) that under Conditions
(A1) and (A2),

Sup [E () = FY(u)] = 0a.s.(1), (3)

where F)Y(u) is the cumulative distribution function of the conditional distribution of U,
given V,, = v, and FV(u) is the cumulative distribution function of the conditional Gaussian
distribution of U given V = v.

Let B, be the support of n'/2Ax. For any sequence of vectors 8, € B, such that

0, — 6o = o(1), d,, also converges to g, as n — oo, where 8, = 8, — {x € A,,. Therefore,

Pr{n'/2(0 — 0) < uln'/*Ax = §,}
= Prh, <u-— n1/2§9\Vn = Sn) + 04.5.(1)
= Fgo (u— n1/2§9) + 04.5.(1)

= F%(u) + 044 (1). (4)

Note that the first equality is a direct consequence of (2), and the last equality is implied
by (3) and the fact that F?(u) is uniform continuous in wu.

Now, let 8, = n'/?d,. Since F%(-) is a conditional Gaussian distribution function
with mean S1555, 8, (4) implies n'/2(d — 0) given n'/?Ax = 6, converges to a conditional
Gaussian distribution with mean n'/2%,,55,}§; almost surely. Since d; —n'/?d,, = o(1) and
27;]- —Y;j = 04.5.(1), the bias-adjusted estimator 0— 2122521dn is an asymptotically unbiased

estimator for # under the conditional setting with asymptotic variance >, — 21222_21221.
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Appendix C. The adjusted estimators for the contin-
uous and survival endpoints

For the continuous endpoint, the parameter of interest is the mean difference
0=EY|Z=1)—-EY|Z=0),

where g(a,b) = b—a. A commonly used estimator for # can be constructed as 6 = fi; — 7o.

The components used in the bias adjustment can be estimated as

. 1 [ Z - 1—Z ~
211:_2{?<5@—M1)2+ (Yi—MO)Z}

n ‘= 1—m

- 1 [ Z; _ 1- 7
)y =—§ Y - )X = X))t - :
12 ”2:1{”( i) ( 1) .

For the survival endpoint Y subject to right censoring, we observe (7', D), where T =

(Y= ) (X, - X))

min(Y,C), D = I(Y < C) and C is the censoring time. The treatment effect is measured
by the difference in RMST

0 = E{min(Y,7) | Z =1} — E{min(Y,7) | Z = 0},

for fixed 7, and g(a,b) = b — a. The naive estimator of § can be constructed as

é:/ Sl(t)dt—/ So(t)dt,
0 0

where S;(-) is the Kaplan-Meier (KM) estimator for the survival function of T'|Z = j based
on observations from group j,j = 0,1. Note that g is a nonparametric estimator for 6 in
that its validity does not depend on any specific parametric or semiparametric assumption
in contrast to the hazard ratio. It follows from the classical results about the KM estimator

in survival analysis,

G_o— 1 i {é T MdMi(s) N 1—2z T[] SO(t)dthi(s)} T oy (n-1/2),

ne\7mJo pls) L—7 Jo  po(s)
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where M;(t) = I(T; < t)Di—fOt I(T; > s)d\(s|Z;), A(t]Z) is the cumulative hazard function
of Y|Z, and p;(t) = pr(T > t|Z = j),j = 1,2. Therefore, the variance components used in
the bias adjustment can be estimated as

gn_li %{ TMdMi(S)} +1_Zi{ TMdMi(S)}

—1 ]31(5) 1—m ]50(5)

. I [ Z (7 [] Su(t)dt | o 1=z [T [T St . -
Yig = — E — = dM;(s)(X; — X)) — S dM;(s)(X; — X ,
12 { T J pl(S) (8)( 1) 1 T J po(s) (3)( 0)

where M;(t) = I(T, < t)D; — fot I(T; > s)dA(s|Z;), A(t|Z) is the Nelson-Aalen estimator
for the cumulative hazard function of Y|Z, p1(t) = ny' Y0, ZA(T; > t), and po(t) =
no ' 2ima (1= Z)I(T; > 1),
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Table 1: The simulation results for the log-transformed OR with binary endpoints based
on 5,000 simulations conditional on the observed imbalance in baseline covariates. ESE:
empirical standard error; SEE: average standard error estimator; ECP: empirical coverage

level of the 95% confidence intervals.

k 6 |Bias] ESE SEE ECP 6 |Biasy ESE SEE ECP

Y =0 Y =1
éadj 0 0 0.012 0.313 0.295 0.941 1.00 0.005 0.363 0.343 0.939
6 0 0 0012 0302 0.297 0.951 1.00 0.004 0.353 0.346 0.950
éadj 2 0 0.017 0.261 0.252 0.946 0.90 0.003 0.296 0.288 0.949
6 2 0 0259 0259 0.270 0.841 0.90 0.261 0.294 0.302 0.872
éadj 4 0 0.016 0.208 0.210 0.952 0.69 0.0056 0.229 0.230 0.953
6 4 0 0404 0.210 0.250 0.657 0.69 0.391 0.231 0.264 0.705




Table 2: Unconditional distribution: The simulation results for the log-transformed OR
with binary endpoints based on 5,000 simulations. ESE: empirical standard error; SEE:
average standard error estimator; ECP: empirical coverage level of the 95% confidence

intervals.

k 6 |Bias] ESE SEE ECP 6 |Bias) ESE SEE ECP

Y =0 Yo =1
éadj 0 0 0.011 0.296 0.294 0.949 1.00 0.009 0.348 0.343 0.949
6 0 0 0011 0295 0.297 0.954 1.00 0.009 0.347 0.346 0.952
éadj 2 0 0.010 0.258 0.254 0.950 0.90 0.005 0.290 0.287 0.949
6 2 0 0.003 0276 0.272 0.948 0.90 0.014 0.305 0.302 0.949
éadj 4 0 0.009 0.214 0.209 0.945 0.69 0.004 0.228 0.227 0.951
6 4 0 0000 0.254 0.251 0.950 0.69 0.003 0.263 0.263 0.953




Table 3: The simulation results for the mean difference with continuous endpoints based
on 5,000 simulations conditional on the observed imbalance in baseline covariates. ESE:
empirical standard error; SEE: average standard error estimator; ECP: empirical coverage

level of the 95% confidence intervals.

k 6 |Bias] ESE SEE ECP 6 |Biasj ESE SEE ECP

Y% =0 Y =1
éadj 0 0 0.002 0.254 0.247 0.945 -1 0.002 0.254 0.247 0.945
6 0 0 0003 0.246 0.249 0.956 -1 0.003 0.246 0.249 0.956
éadj 1 0 0.002 0.254 0.247 0.945 -1 0.000 0.254 0.247 0.945
6 1 0 0384 0.246 0.294 0.775 -1 0.384 0.246 0.294 0.775
éadj 4 0 0.002 0.254 0.247 0.945 -1 0.002 0.254 0.247 0.945
6 4 0 0766 0.247 0.400 0.529 -1 0.766 0.247 0.400 0.529




Table 4: Unconditional distribution: The simulation results for the mean difference with
continuous endpoints based on 5,000 simulations. ESE: empirical standard error; SEE:

average standard error estimator; ECP: empirical coverage level of the 95% confidence

intervals.
k 6 |Bias)] ESE SEE ECP 0 |Bias)] ESE SEE ECP
Y% =0 Y =1

éadj 0 0 0.002 0.253 0.247 0.942 -1 0.002 0.253 0.247 0.942

9 0 0 0.003 0250 0.249 0.947 -1 0.003 0.250 0.249 0.947

éadj 2 0 0.002 0.253 0.247 0.942 -1 0.002 0.253 0.247 0.942

6 2 0 0.009 0308 0.304 0.944 -1 0.009 0.308 0.304 0.944

éadj 4 0 0.002 0.253 0.247 0.942 -1 0.002 0.253 0.247 0.942

9 4 0 0015 0435 0427 0.943 -1 0.015 0.435 0.427 0.943




Table 5: The simulation results for the difference in RMST with survival endpoints based
on 5,000 simulations conditional on the observed imbalance in baseline covariates. ESE:
empirical standard error; SEE: average standard error estimator; ECP: empirical coverage

level of the 95% confidence intervals.

k 6 |Bias|] ESE SEE ECP 0 |Bias| ESE SEE ECP
Yo =0 Y =1

éadj 0 0 0.019 1.553 1.511 0.941 -4.77 0.002 1.470 1.420 0.938
6 0 0 0022 1.501 1524 0.951 -4.77 0.000 1.418 1.433 0.948
éadj 2 0 0045 1.514 1.512 0.949 -4.66 0.029 1.456 1.451 0.950
6 2 0 1.144 1.494 1.612 0.878 -4.66 1.324 1.441 1.531 0.880
éadj 4 0 0.115 1483 1.479 0.951 -4.45 0.058 1.470 1.457 0.949
6 4 0 2360 1.467 1.711 0.749 -4.45 2.180 1.453 1.651 0.763




Table 6: Unconditional distribution: The simulation results for the difference in RMST
with survival endpoints based on 5,000 simulations. ESE: empirical standard error; SEE:

average standard error estimator; ECP: empirical coverage level of the 95% confidence

intervals.
k 6 |Bias|] ESE SEE ECP 0 |Bias| ESE SEE ECP
Yo =0 Y =1

éadj 0 0 0.034 1.551 1.511 0.941 -4.77 0.014 1.472 1.419 0.935

0 0 0 0.036 1.537 1525 0.945 -4.77 0.016 1.456 1.434 0.943

9adj 2 0 0.020 1.522 1.494 0.945 -4.66 0.018 1.466 1.431 0.939

0 2 0 0035 1.615 1.603 0.948 -4.66 0.041 1.545 1.525 0.947

éadj 4 0 0.062 1.482 1.465 0.950 -4.45 0.037 1471 1.442 0.945

6 4 0 0.033 1.708 1.711 0.947 -4.45 0.020 1.665 1.656 0.946




Figure 1: The sample spaces within which the statistical inference is made
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Figure 2: The treatment allocation proportions to mono-therapy group: solid line is for

DIAS = 1; dashed line is for DIAS = 0. HR stands for heart rate.
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Figure 3(a): The comparison between the efficiency augmented and bias adjusted estima-
tors for binary outcomes when (7o, k) = (0,4). Here the median of |§aug - é\adj| /esdqq; over
5,000 simulations is 0.02 with esd,q; being the empirical standard deviation of éadj over

5,000 simulations.

efficiency augmented estimator
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Figure 3(b): The comparison between the efficiency augmented and bias adjusted estima-
tors for binary outcomes when (v, k) = (1,4). Here the median of \@\aug — gadj| /esdqq; over
5,000 simulations is 0.02 with esd,q; being the empirical standard deviation of éadj over

5,000 simulations.
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Figure 4(a): The empirical density functions for § and 6,4 when (7o, k) = (0,4)
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Figure 4(b): The empirical density functions for § and 6,4 when (7o, 5) = (1,4)
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